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I t  is shown that,  by expressing sign relationships in a suitable tabular form, it is possible to deduce 
signs for  other structure factors if the signs are known for the structure invariants (the structure 
factors of even indices whose signs do not vary with the choice of origin of the unit cell). The 
economy introduced by considering only the structure invariants as unknowns, and not all the struc- 
ture factors, makes possible the determination of reasonably complex structures by hand calcula- 
tion. The application of the method to the structure of azo-benzene 2-sulphenyl chloride is described. 

1. In troduct ion  

The role of direct methods,  which make use of sign 
relationships for solving crystal  structures,  is becom- 
ing progressively more impor tan t  in crysta l lography 
but  it would be fair to say tha t ,  a t  the present time, 
they  do not  seriously challenge older methods in 
achievement.  Almost  all the structures which have 
been solved by direct methods would have yielded 
to some other method,  but  the converse is certainly 
not  true. However,  direct methods do have the im- 
por tan t  vir tue t h a t  they  m a y  often be tried fairly 
quickly, and failure is not too costly in time. 

The present paper  describes an efficient, systemat ic  
process by which sign relationships m a y  be applied 
to the solution of crystal  structures.  With  the aid of 
electronic computers the process should be capable of 
application to s tructures outside the scope of other 
direct methods hitherto reported. 

2, The basis of the method 
The discussion of this section will, for simplicity, be 
restricted to two dimensions, a l though the method 
can be applied in three dimensions. The hk0 projection 
of salicylic acid (two-dimensional space group pgg) 
will be used as an example of the application of the 
method. The reflexions considered are those of large 
uni tarv  s tructure factor which were used by Cochran 
& Douglas (1954). 

The reflexions are divided into the following four 
groups- 

(a) h even, k even; 
(b) h odd, k odd; 
(c) h odd, k even; 
(d) h e v e n ,  / t o d d .  

The signs of the reflexions of group (a) are indicated 
by the symbols al, a2, etc., those of group (b) by bl, b2, 
etc., and so on. For  salicylic acid we shall first con- 
sider only groups (a) and (c), for which the symbols 
and their significance are listed below. 

a 1 = s(10, 4) c 1 = s(3, 12) 
a 2 = s  (4, 6) c 2 = s ( 3 , 2 )  
a s = s (2, 12) c a = s(1, 6) 
a 4 = s (2, 10) c 4 = s(7, 2) 
a 5 = s  (6, 2) c 5 = s ( 3 , 6 )  
a 6 = s  (2, 4) c 6 = 8 ( 5 , 4 )  
a T = s  (2, 6) c 7 = s ( 9 , 4 )  
a s = s (4, 0) 
a S = s (6, 0) 

where s(h, k) denotes the sign of the reflexion hk0. 
The signs of a s and a 9 are found from inequalities to 
be + and - respectively. 

All the sign relationships are now sought which 
relate one member  of group (a) with two of group (c) 
and it is found tha t  the following products  are prob- 
ably positive : 

- a l c 4 c  5 -a7c4c  7 - a 5 c 3 c  6 

alc2c4 aTClC 3 -a7c4c  6 

--a2ClC 3 asc2c 4 --a4c5c 6 

--a3c3c5 a6C2C 3 a5c5c 7 

a5c2c7 --aTc2e 6 asc6c 7 
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The  nega t ive  signs arise because,  for the  ref lexions of 
g roup  (c), s(f~, k) = - s ( h ,  k). 

These re la t ionsh ips  m a y  be expressed in  a t a b u l a r  
form as shown in Table  1. 

Table  1 

C 1 C 2 C 3 C 4 C 5 C 6 C 7 

- -  a 2 

a 7  
t~ 6 

a l  

a 8 

m a  7 

c~ 5 

- - g / 2  

a 7 

t~ 6 

- -  a 3 

- -  a 5 

a 1 

a 8 

( - a l )  

- - a  7 

- -  a 7 

- - a  7 

- -  a 3  - -  q 5  

I ( - a l )  - a  7 

: - -  a 4 

I _ a 4 

I as as 

o~ 5 

- - a  7 

a 5 

~ 8  

Thus  the  f i rs t  p r o d u c t  of t he  list ,  -a lcacs ,  is rep- 
resen ted  b y  - a l  in  t he  squares  cac 5 a n d  csc 4. These  are 
enclosed in  b racke t s  in t he  table .  

W e  now assume t h a t  t he  signs of t he  ref lexions  of 
group (a) are known.  The  correct  signs for th i s  group 
are :  

a 1 ag. a s a 4 a 5 a 6 a 7 a s a 9 
+ -- _ + -- _ + + -- 

W h e n  these  signs are s u b s t i t u t e d  for t he  a p p r o p r i a t e  
symbols  we ob t a in  Table  2. 

Tab le  2 

Cl  : c 2  c 3  c a c 5  c 6  c 7  

+ 
-t- + 

I t  can  be seen t h a t  the  rows c 3 a n d  c a inc lude  the  
fol lowing in fo rma t ion"  

c~c3 ~ - ,  c2c4 ~ + with  double  weight ,  
C5C 3 ~ ~, , C5C4 ~ - - ,  

C6C 3 ~ -[- ,  C6C4 ~ - - ,  

where  the  symbo l  ~ ind ica tes  ' p r o b a b l y  equals ' .  
F r o m  these  re la t ions ips  i t  is clear t h a t  c~ ~ - c  4 wi th  
a ve ry  h igh  degree of p robab i l i ty .  I f  t he  sign of c 3 is 
a r b i t r a r i l y  f ixed as + ,  t h e n  c a is - .  The  lines c3 a n d  
c 4 m a y  be combined  to give the  revised Table  3. 

Table  3 

c 1 c, % c 4 c5 c6 c, 

C 3 - -  C 4 

I t  is now ev iden t  f rom an  e x a m i n a t i o n  of the  rows 
c 3 - c  a ,c  2 ,c  6 and  c 7 t h a t  c 2 ~  - a n d  c 0 ~ c  7 ~  + .  
Rev i s ing  the  t ab le  once aga in  we have  Table  4. 

Table  4 
C 1 C 2 C 3 C 4 C 5 C 6 C7 

%--c4--c2+c6+c7 
÷ 
÷ 

i 

.1- 

.-4.- - -  - -  

F o r  t he  r e m a i n i n g  signs c I ~ + a n d  c 5 is inde ter -  
mina te .  The  set  of s igns t h u s  der ived  for group (c) is 

C 1 C 2 C 3 C 4 C 5 C 6 C 7 

a n d  the  six signs d e t e r m i n e d  are the  correct  signs. 
This  set  of signs is such t h a t  as m a n y  as possible of 
t he  s ign re l a t ionsh ips  unde r  cons idera t ion  are satis-  
fied. 

I t  can  be seen t h a t  a knowledge  of the  signs of t he  



118 AN EFFICIEI~T PROCESS FOR SOLVING CRYSTAL STRUCTURES 

members  of group (a), the structure invar iants  (those 
s tructure factors whose signs do not vary  with the 
choice of origin), enables signs to be deduced for 
members  of other groups. The way in which this 
technique is used in a structure determinat ion will 
now be explained. 

3. The process  of structure determination 

The complete process of structure determinat ion will 
be described for the hk0 projection of salicylic acid. 
Fi rs t  the sign relationships are found which inter- 
relate the members  of group (a). These are 

a l a 2 a  5 ,~, -4- , 

a2aTa  9 ~ + , 

a2a5a 6 ~ ,  + , 

auaaa 6 ,~  + ,  

azaaa 7 ~ -4- .  

The number  of these relationships satisfied is found 
for each of the 128 (2 ~) possible sets of signs for a l - a  ~, 
the unknown members  of group (a). I t  can be deduced 
tha t  at  least four of these relationships should be 
satisfied (Cochran & Woolfson, 1955) and 22 of the 
128 sets of signs for the members  of group (a) are 
found to meet  this  requirement.  For each of these 
22 sets the technique of the previous section is used 
to f ind signs for the members  of groups (b), (c) and (d). 
In  § 2 the signs of group (c) have already been found 
for the correct solution. Groups (b) and (d) are rather  
small  and are 

b 1 -~ s (3 ,  5), d 1 = 8(2, l)  , 
b ~ = s ( 5 , 5 ) ,  d 2 = s ( 4 , 1 1 ) .  

The only sign relat ionship relating groups (a) and 
(b) is 

a4blb 2 ~ ,  + . 

The correct sign for a 4 is + so tha t  the available 
information gives bl ~ b2 = + ,  say. 

The sign relationships relating groups (a) and (d) 
are 

- a a d l d ,  z ,~, +,  a f l l d ~  ~ ,  + , 

and these both indicate tha t  d f l 2  ,~  + .  We m a y  take 
dl ~ d~ = + .  

I t  should be noticed tha t  reversing the signs of all 
the members  of one of the groups (b), (c) or (d) is 
equivalent  to a change of origin of the unit  cell. 
However, since there are but  four choices of origin 
for the unit  cell (in projection) the signs for only two 
of the groups m a y  be taken in arbi t rary  fashion, either 
as they  are determined or completely reversed, while 
the signs for the remaining group are not free of 
restraint.  To fix the non-arbi t rary group, sign rela- 
t ionships of the type brcsdt are used. For the salicylic 
acid example the ones taken are 

blcad~ ~ + ,  - b x c a d l  ~_, + ,  - b l c 6 d l  ,~  + ,  -b2cad2 ~ + .  

If  the signs for the members  of groups (b), (c) and (d) 
are taken as they  have been determined,  then  only 
one of these sign relationships is satisfied. If  the signs 
for any  one group are all reversed, then  three of these 
four sign relationships are satisfied. Reversing the  
signs for group (b) gives the correct signs for all the  
reflexions (except %) with the  same choice of origin 
as used by  Cochran & Douglas. 

Unfor tunate ly  there are 22 sets of signs for group (a), 
including the correct one, for which this process must  
be carried out. For some of these sets, however, i t  is 
difficult to develop signs from the tables for m a n y  
members  of other groups; in other eases the signs for 
the various groups do not  interrelate very  well. A few 
of the 22 sets could be rejected on these grounds and  
eventual ly  15 plausible solutions are left. For  m a n y  of 
these, including the correct solution, not  all  the  signs 
are determined;  either choice of sign for some reflexions 
is equal ly good, or bad, for f i t t ing in with the  remainder  
of the group table. The significance of this ambigui ty  
is discussed in § 5. 

To decide which of the 15 plausible solutions is the  
correct one, the most s t raightforward course is to 
calculate the electron-density maps  corresponding to 
each of them. This is tedious by  hand  calculation but  
it has been found possible to produce the maps  on an  
electronic computer at the rate of one every two mi- 
nutes with the output  arranged on a rectangular  mesh 
which can be contoured directly. This  makes feasible 
the examinat ion of any th ing  up to about  100 possible 
solutions. 

4. The structure of azo-benzene  2 - su lphenyl  
chloride 

Azo-benzene 2-sulphenyl chloride, CI~]=I~N~SC1 , has  
space group Pna2,  with a=7-59,  b=20.3,  c=7-58 A. 
A solution was sought for the hk0 projection which 
has the two-dimensional space group pgg. The re- 
flexions used, listed in their  four groups together with 
the modulus of the un i ta ry  structure factor ( in  square 
brackets), were: 

a 1 = s(4, 12) [0.22] b 1 = s(3, 7) [0-36] 
a 2 = s(6, 6) [0.29] b 2 = s(3, 9) [0.32] 
a s = s(4, 6) [0.23] b a = s(3, 15) [0-29] 
a 4 = s(2, 2) [0-24] b 4 = s(3, 23) [0-28] 
a 5 = s(2, 14) [0.23] b 5 = s(5 ,  7) [0-26] 
a 8 = s(O, 18) [0.22] be = s(7, 1) [0.22] 
a T = 8(0, 24) [0-33] b7 = s(7, 3) [0.22] 
as = s(0, 14) [0.23] b s = s(1, 7) [0.22] 
a 9 = s(0, 16) [0.39] 
31o = s(2,0) [0.40] c x = s(1,8)  [0-31] 
a n = s(6, 0) [0.23] c 2 = s(1, 10) [0-24] 

c a = s(1, 20) [0-23] 
da = s(2, 15) [0"30] c 4 = s(1, 22) [0-35] 
d~ = s(2, 17) [0"25] c 5 = s(1, 24) [0-25] 
d 3 = s(4, 15) [0-27] % = s(5,2)  [0-23] 

c, = s(1, 2) [0.22] 
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Probable  signs for the  axial  reflexions as, ag, alo and 
a n were deduced f rom sign relationships of the  type  

s(2h,  O, O) ~ s(hkO)s([,kO) , 

(Woolfson, 1954), and  these signs were + ,  , , + 
respectively. 

There are six sign relationships interrelat ing the  
members  of group (a). These are 

asasalo = - -a  5 ~_~ + , 
a la la  v = a 7 ~-~ + , 

a4asa9 = - a 4 a  5 ~ ,  + ,  

a2a3alo = --a2a 3 ,~  + , 
ala4a5 ~ + , 

a~asa6 ~ + .  

Of the  128 possible sets of signs for the unknown 
members  of group (a) 14 satisfied 5 or more of these 
six sign relationships.  These 14 sets are 

a I a 2  a a  a 4  a 5  a 6  a 7  

1 + - -  + ~ - - -  - F  + 

2 - -  - -  + + - -  - -  + 

3 - -  - -  + + - -  -I -  + 

4 - -  + + + - - -I -  

5 - -  - -  + + - -  - -  - -  

6 - -  - -  + - -  + - -  + 

7 + -- + -- -- + + 
8 + + - -  + - -  - -  - F  

9 - -  + - + - + + 

1 0  - -  + - -  + - -  - -  = 

1 1  - -  - -  - -  + - -  + + 

1 2  - -  + - -  + - -  + - -  

1 3  - -  + - -  - -  ~ -  = + 

1 4  + + . . . .  + 

Table 5 

b 1 bg. b a b4 b5 bs b~ b s 

5 5 

b 6  ~ 

a 5 

a 3 

a 5 

a 6 

a 7  

a 2  

+ 

a 4 

a 7  

a 2  

a I 

• - ( a : )  a 3 

a 3 

a l  

a l  

(a:) 

a 2 

a 5 

Tables 5 and  6 show the sign relationships of the  
type  a,b,bt and a~c,ct. 

Table 6 

C 1 e~. C 3 e 4 C 5 C 6 ~'7 

- -  a 6 

- -  a 4 

_+a5 

a 3 

- -  a 2 

- -  a 6 

a 4  

+ 
- -  a 5 

- - a  1 

--a 4 

(÷) 
- -  a 5 

- -  a 4 

- -  a 4 

- - a  7 

a 2 

a 3 

- - a  1 

a 6 

- -  a 7 

The informat ion in brackets  in the  tables,  together  
with the  sign relationship asasalo ~ + ,  points un- 
mis takab ly  to the  conclusion t h a t  a 5 is negative,  and 
this eliminates sets 6 and 13 of possible signs for 
group (a). 

For  each of the  remaining 12 sets of group (a), 
signs are developed for groups (b) and (c) by  the  
method  described in § 2. Then signs are found for 
group (d) from the  sign relationships 

dl  ~ - b ~ c  5 d2 ~ ba% d3 ~,  bsc 4 

dl ~ ,  - b l c 4  d~ ~ - b l c  5 d3 ~ b5cl 
d 1 ~ - b l C  1 d 2 "m - b l c  e d 3 ~ b2c 5 
d 1 "m b4c 1 de "m - b g c  1 d 3 ~ blc 4 
d 1 "~ bsc 4 d~. ~ - b a c  7 d3 "~ blcl 
d 1~.,  bsc 1 d 2"m b8% d 3 ~ b 4 c  1 

d z "~ bsc~. 

Sets 1 and 9 of signs for group (a) gave well devel- 
oped sets of signs for groups (b) and (c), and con- 
sistent indications of sign for the  three members  of 
group (d). 

Thus set 1 gave 

b 1 b~ b 3 b 4 b 5 b 6 b7 b s 
- -  + - -  + + - -  + + 

C 1 C 2 C 3 C 4 C 5 C 6 C 7 

- -  + + - -  + - -  + 

and the indications of sign for the  members  of group 
(d) are 

d 1 . . . . . .  
d2 + + + + + + + 
d3 + + + + + + 

Set 9 gave 

bl b2 bs b6 
_ + 2 _  

C 1 C 2 

b4 b5 b7 bs 
+ + - + 

C 3 C 4 C 5 C 6 C7 

+ - _}_ + + 
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with indications for group (d) 

d l  . . . . . .  

d2 + + + + - + + 
da + + + + + + 

Electron-densi ty maps  for these two plausible solu- 
tions are shown in Fig. 1. I t  was found possible to 

0 b/2 
0 -/ .,, ~ .  i k_) i " , . ~ J  

Ial 

b/2 

(b) 

Fig. 1. Electron-density maps corresponding to (a) solution 1, 
(b) solution 9. The contours are at arbitrary equal intervals, 
with the lowest contour dashed. 

interpret  the map  from set 9 in the way shown. This 
structure is being successfully refined by Dr G. W. R. 
Bar t indale  and Mr G. Farrow, who will report on the 
completed structure in due course. At the present 
stage of ref inement  the value of the rel iabil i ty index 
is 0.26. These workers had previously obtained a 
similar electron-density map by finding the sulphur 
and chlorine atomic positions from the Pat terson func- 
tion and taking the sign of their  contribution as the 
sign of the corresponding structure factor. However, 
it was not unt i l  the direct method had shown tha t  the 
solution must be one of those given in Fig. 1 tha t  the 
not very obvious interpretat ion of Fig. 1 was found. 
The special advantage of the direct method in this 
case is that ,  in finding the correct solution, it excluded 
any other possibility. 

5. T h e  ef f ic iency of t h e  m e t h o d  

The method of this paper enables problems for which 
there are up to 7 indeterminate  members  of group (a), 
and about 25-30 unknown signs in all, to be tackled 
by hand  calculation. Other conditions must  also be 
satisfied: sign relationships must  interrelate group (a) 
with groups (b), (c) and (d) well enough for signs to 
be developed from the tables, and about 85 % or more 
of these sign relationships must  be satisfied. 

To show ful ly the advantages of this method it will 
be compared with the electronic-computer method of 

Cochran & Douglas (1955). Let us take an example  
where there are 25 structure factors of unknown sign 
and where 3 of the 25 strongest sign relationships are 
expected to fail. Then the computer  method makes a 
pre l iminary  examinat ion of 

25 ! 25 ! 25 ! 
1 + ~ + ~ + 2 2 !  3--------~ 

possible sets of signs for the 25 structure factors 
although, by other tests, most of these are subse- 
quent ly  rejected. This number  of sets, 2626, would be 
impossible to examine by hand. How is it tha t  so 
many  fewer possibilities (say 128) can be examined 
by the method of this paper without  missing the 
correct solution ? The answer to this is found in § 3. 
For a part icular  set of signs for group (a) it is often 
found tha t  signs cannot be deduced for some members  
of the other groups with any  degree of certainty.  For 
these reflexions, signs m a y  be chosen in a number  of 
ways all equally efficient as far as the satisfaction of 
sign relationships is concerned. Thus, for each solu- 
tion found by this method, the Cochran-Douglas 
method would tend to give a fami ly  of similar solutions. 
The single solution found would be the best represen- 
ta t ive of the fami ly  from the point  of view of satis- 
fying sign relationships with perhaps some signs in- 
determinate.  

An electronic computer can be used to extend the 
range of the method. A programme has been designed 
for the Cambridge computer, the EDSAC, such tha t  
up to 11 members  of group (a) m a y  be accepted. I t  
is hoped to reprogramme this for the Manchester 
computer in such a way tha t  the information fed into 
the machine is the sign relationships and some numer- 
ical data, with the output  as Fourier  syntheses in a 
suitable form to be contoured directly. 

This work was started at the Crystallographic 
Laboratory,  Cavendish Laboratory,  Cambridge, during 
the tenure of an Imperial  Chemical Industries Fellow- 
ship of the Univers i ty  of Cambridge. I should like to 
express my  grat i tude to Dr G. W. R. Bart indale  and 
Mr G. Farrow of the Chemistry Depar tment ,  College 
of Technology, Manchester, for the da ta  on azo- 
benzene 2-sulphenyl chloride and for their  permission 
to publish the unrefined structure before their  o~aa 
publication of the completed structure determination.  
I am also indebted to Dr M. V. Wilkes of the Mathe- 

mat ical  Laboratory,  Cambridge, who has allowed me 
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